We study diffusion phenomena from the point of view of information theory. The system of interest with a given Hamiltonian is placed in the context of stochastic dynamics. According to the result of our recent work, this dynamic system maximizes its uncertainty of motion measured by a path information in order to follow the least action principle of mechanics. In this work, this methodology is applied to particle diffusion in external potential field. Thanks to the exponential probability distribution of action (least action distribution) given by maximum path information, a general derivation of Fokker-Planck equation, Fick's laws and Ohm's law for normal diffusion is given without additional assumptions about the nature of the process (Brownian and Markovian or not). This result is a proof of the physical robustness of the least action distribution and strongly suggests that, for irregular dynamics, the method of maximum path information, instead of the principle of least action for regular dynamics, should be used in order to obtain the correct occurring probability of different paths of transport. The limits of validity of this this work is discussed.
Introduction
Diffusion is a mechanism by which components of a mixture are transported around the mixture by means of random molecular motion. Over 200 years ago, Berthalot postulated [1] that the flow of mass by diffusion across a plane, was proportional to the concentration gradient of the diffusant across that plane. About 50 years later, Fick introduced [2] two differential equations that quantified the above statement for the case of transport through thin membranes. Fick's First Law states that the flux J of a component of concentration n across a membrane is proportional to the concentration gradient in the membrane:
where x is the position variable (for 3 dimensional space,
is replaced by the gradient ∇). Fick's Second Law states that the rate of time change of concentration of diffusant at a point is proportional to the rate of spacial change of concentration gradient at that point within the mixture
If D is constant everywhere in the mixture, the above equation becomes ∂n ∂t = D ∂ 2 n(x) ∂x 2 . Above normal diffusion laws are very precisely tested in experiments in most of solids, liquids and gases and are widely studied in nonequilibrium thermostatistics together with the Fokker-Planck equation of diffusion probability, Fourier law of heat conduction and Ohm's law of electrical charge conduction [3, 4, 5, 6] . Many efforts to derive theoretically Fick's laws were concentrated on special models of solids in which particles are transported. Other phenomenological derivations are also possible if one supposes Brownian motion and Markovian process [7] , or Kolmogorov conditions [8] . As far as we know, although diffusion is associated with stochastic process with uncertainty, a general theoretical study and derivation of these beautiful and simple laws using information methods is still an open question.
In this paper, we will try to give a general derivation of these laws based on maximum information principle without assumptions concerning the physical nature of the diffusion process (whether it is Brownian and Markovian or not). We would like to specify that the information addressed in this work is a quantification of the uncertainty of dynamic process. If the dynamics of a nonequilibrium system, leaving an cell a in the initial phase volume A for some destinations, is regular, there will be only one possible trajectory from a to a final cell b, or in other words, there will be only a fine bundle of paths which track each other between the initial and the final cell. These trajectories should minimize action according to the principle of least action and have probability one. Any other path should have zero probability. However, if the dynamics is irregular due to large number of degrees of freedom or strong sensitivity to initial conditions, we can have the following two dynamic uncertainties:
1. Between any two fixed cells a and b, there may be different possible paths (labelled by k=1,2,...w) each having a probability p k (b|a) to be followed by the system. This is the uncertainty we studied in [9] .
2. In a fixed period of time, we can observe different possible paths leaving the cell a and leading to different final cells b in a final phase volume B, each having a probability to be followed by the system. This uncertainty was investigated in order to prove that the maximum entropy is in fact a deductive method of mechanics for probability derivation [11] , not merely a guess method of humain brain rendering entropy anthropomorphic [12] and unphysical.
These dynamic uncertainties were proved [9, 10, 11] to take their maximum when the most probable paths are just the paths of least action. In this work, we will focus on the diffusion laws for particles diffusing in certain external field with potential energy U(x). The Hamiltonian of the particles is given by H = E + U where E is the kinetic energy. The first uncertainty mentioned above will be used to derive the "least action distribution" of transition probability which then provides a derivation of the diffusion laws in a straightforward and quite general way. In following section, we briefly present the method of maximum uncertainty or path information for irregular dynamic systems.
Maximum path information
We suppose that the uncertainty concerning the choice of paths between an initial cell and a final cell by the systems is measured with the following path information
where p k (b|a) is the transition probability between the cell a in the initial phase volume A and a cell b in the final phase volume B via a path k (k = 1, 2, ...w). We have the following normalization
We suppose each path is characterized by its action A k b |a defined for classical mechanical systems by
where L k (t) = E − U is the Lagrangian of the system at time t along the path k. The average action is given by
It is known that, for a regular process, the trajectories of the system should have a stationary action (δA k b |a = 0). For irregular dynamic process, this least action principle does not apply since there are many possible paths with different actions, not only the minimum action. For this kind of process, we suppose the stable probability distribution corresponds to a stationary uncertainty or path information H ab under the constraint associated with action. This means the following operation:
leading to
where the partition function
Putting Eq.(8) back into Eq.(3), we get
The physical meaning of η is discussed in [10] with a general relationship
for Brownian motion which leads to
where l is the mean free path and τ the mean free time of the Brownian particles. If we still consider detailed balance [7] , we get D = µk B T where µ is the mobility of the diffusing particles, k B the Boltzmann constant and T the temperature. This means
where mγ = 1 µ is the friction constant of the particles in the diffusion mixture. It is proved that [9] the distribution Eq. (8) is stable with respect to the fluctuation of action. It is also proved that Eq.(8) is a least (stationary) action distribution, i.e., the most probable paths are just the paths of least action. We can write δp k (b|a) = −ηp k (b|a)δA ab (k) = 0, which means δA ab (k) = 0 leading to Euler-Lagrange equation
= 0 and to Newton's second law satisfied by the most probable paths. It is worth noticing that the average action A ab defined in Eq.(6) has also a stationary with the least action distribution, as shown in [9] .
A calculation of transition probability of diffusion
In what follows, the action is calculated and analyzed with the Euler method.
Let us look at a particle of mass m diffusing along a given path k from a cell a to a cell b of its µ-space (one particle phase space). The path is cut into N infinitesimally small segments each having a spatial length ∆x i = x i − x i−1 with i = 1...N (x 0 = x a and x N = x b ). t = t i − t i−1 is the time interval spent by the system on every segment. The Lagrangian on the segment i is given by
where the first term on the right hand side is the kinetic energy of the particle, the second and the third are the average potential energy on the segment i. The action of segment i is given by
where
is the force on the segment i. According to Eq.(8), the transition probability p i/i−1 from x i−1 to x i on the path k is given by
where Z i is calculated as follows
The potential energy at the point x i−1 disappears in the expression of p i/i−1 because it does not depend on x i . The total action is given by
so, according to Eq.(8), the transition probability from a to b via the path k is the following:
A derivation of the Fokker-Planck equation
The Fokker-Planck equation describes the time evolution of the probability density function of position and velocity of a particle. This equation can be derived if we suppose that the diffusion particles follow Brownian motion and Markovian process [7] , or Kolmogorov conditions [8] . In what follows, it is shown that this equation can be derived in a quite general way without above assumptions. It is just the differential equation satisfied by the least action distributions given by Eq. (15) and Eq.(18). The calculation of the derivatives
straightforwardly leads to
This is the Fokker-Planck equation, where D is given by Eq. (11) and τ is the mean free time supposed to be the time interval t of the particle on each segment of its path. In view of the Eq.(18), it is easy to show that this equation is also satisfied by p k (b|a) if x i is replaced by x b or x, the final position. Now let n a and n b be the particle density at a and b, respectively. The following relationship holds
which is valid for any n a . This means (n = n b and x = x b ):
which describes the time evolution of the particle density.
Fick's laws of diffusion
If the external force F is zero, we get 
6 Ohm's law of charge conduction
Considering the charge conservation
, where ρ(x, t) = qn(x, t) is the charge density, j(x, t) = qJ(x, t) is the flux of electrical currant and q is the charge of the currant carriers, we have, from Eq. (22),
where F = qE is the electrostatic force on the carriers and E is the electric field. If the carrier density is uniform everywhere, i.e., ∂n ∂x = 0, we get
is the formula of electrical conductivity widely used for metals.
Concluding remarks
Diffusion phenomena are studied through a Hamiltonian system placed in the stochastic circumstance of irregular dynamics. A path information is used in connection with different possible transport paths in phase space between two cells. On the basis of the assumption that the paths are physically characterized by their actions, we show that the maximum path information yields a path probability distribution in exponentials of action. This least action distribution provides a simple and quite general derivation of the Fokker-Planck equation, the Fick's laws, and the Ohm's law. The usual assumptions for this derivation [7, 8] , e.g., Brownian motion, Markovian process, Gaussian random forces, or Kolmogorov conditions, are unnecessary in this work. This result is a proof of the physical robustness of this information approach plus action principle to irregular dynamics, and strongly suggests that, in this probabilistic circumstances, it is the path information or dynamic uncertainty instead of the action which should have a stationary.
Nevertheless, maximum path information assures that the action of the most probable paths and the average action over all possible paths have both a stationary. So this work implies that the diffusion laws are just the consequences of the effort of dynamic systems to follow the action principle of mechanics in instable and random circumstances. The way we derived these laws is very general without assumptions about the nature of the process. Apart from the basic assumptions concerning uncertainty measureà la Shannon and the characterization of paths by action, there is no other serious conditions for the derivation. So what are the limits of our results? We think that those results would break down if, 1) the dynamic uncertainty cannot be measured by Shannon formula; 2) the paths of the diffusants is not sufficiently smooth for the application of the Euler method; 3) the paths do not allow continuous variational method, for instance, when the phase space is porously occupied (e.g., fractal phase space). Further work is in progress to investigate diffusions in these situations.
